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Abstract 



o 

We describe all complex geodesies in convex tube domains. In the case when 
the base of a convex tube domain does not contain any real line, the obtained 
^ description involves the notion of boundary measure of a holomorphic map and it 

is expressed in the language of real Borel measures on the unit circle. Applying our 
result, we calculate all complex geodesies in convex tube domains with unbounded 
base covering special class of Reinhardt domains. 

> 

u 

^ 1 Introduction 

^ A domain D C C" is called a tube if D is of the form fl + iM" for some domain fl C M", 

' called the base of D. Tube domains play an important role in studies of Reinhardt 

fS) domains, as any Reinhardt domain contained in (C*)" admits a natural covering by a 

^ tube domain via the mapping (zi, . . . , z„) i— > (e^^, . . . , e^"). What is more, pseudoconvex 

^ Reinhardt domains contained in (C*)" are exactly those which are covered by convex 

O tubes. 

We are interested in tube domains mostly from the point of view of holomorphically 
2 invariant distances and the Lempert theorem. It is known that if G C C" is a pseudo- 

convex Reinhardt domain and D C C" is a convex tube covering G fl (C,,,)", then any 
^G-extremal disc (Iq is the Lempert function for G) which does not intersect the axes 
can be lifted to a complex geodesic in D. As a consequence, if we know the form of all 
^ complex geodesies in D, we obtain a form of all ^^-extremal discs not intersecting the 

axes (more precisely, we get a necessary condition for a map to be a ^c'-extremal, as not 
every geodesic in D produces extremal disc in G). 

The problem of characterising complex geodesies for convex tubes may be reduced 
to the case of taut convex tubes (equivalently: hyperbolic convex tubes, convex tubes 
without real lines contained in the base; see [2, Theorem 1.1]). This is a consequence 
of the fact that any convex tube in C" is linearly biholomorphic to a cartesian product 



of a taut convex tube and some C'^ (see Observation 2.2). If D C C" is a taut convex 
tube domain and : D — )■ D is a holomorphic map, then radial limits of if exist almost 
everywhere and - what is important - admits a boundary measure (see Section |2] for 
details). 
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In Section |3] we give two descriptions of complex geodesies in taut convex tubes in C". 
A starting point for us is the characterisation for bounded convex domains presented in 
[8] and [5", Subsection 8.2] - it states that a holomorphic map 99 : D — )■ D is a complex 
geodesic for a bonded convex domain D C if and only if there exists a map /i : D — )■ C" 
of class such that Re [Xh*{X) • {z — ip*{X))] < for all z e D and almost every A G T. 
It does not work in the case when D is a convex tube with unbounded base, because the 
condition just mentioned is not sufficient for to be a geodesic - even in the simpliest 
case when D is a left half-plane in C. We found it possible to add to this condition 



another one to obtain the equivalence (Theorem 3.3; the map h takes then the form 
aA^ + bX + a, because D is a tube). Unfortunately, the condition added is not helpful for 
us in calculating complex geodesies, as it is not a 'boundary condition' (it refers not only 
to boundary properties of (p), while the condition with radial limits seemed to be too 
weak, because generally radial limits of a map which is not of class do not give much 
information about it. Our main idea was to replace these two conditions with another 
one, making use of the notion of boundary measures of holomorphic maps. We obtain the 
following characterisation of geodesies, expressed in the language of real Borel measures 
on the unit circle: 

Theorem 1.1. Let D C C" be a taut convex tube domain and let ip : 3 ^ D be a 
holomorphic map with the boundary measure fi. Then if is a complex geodesic for D iff 
there exists a map : C — ?■ C" of the form aX^ + bX + a with some a G C^, 6 G M", such 
that h ^ and the measure 

Xh{X) • (RezdC^iX) -d^{X)) 

is negative for every z ^ D. 

The above description refers only to boundary properties of the map ip (i.e. only to 
its boundary measure), what makes it really helpful in calculating complex geodesies 
for some tube domains with unbounded base. We present how it works in Section |4| 
especially in our main example - for convex tubes in covering finite intersections of 
Reinhardt domains of the form 

{(^1,^2) eD2:0< \z^\P\z2\^ < a} 



with some p, g > 0, a G (0, 1) (Example 4.5). 



2 Preliminaries 

Let us begin with some notation: D is the unit disc in C, T is the circle d3, EI_ is 
the left half-plane G C : Rez < 0}, is the strip {2; G C : Re^; G (0, 1)}, C'^ is the 
Lebesgue measure on T, and is the Dirac delta at a point Aq G T. By T^, c G D, we 
denote the automorphism A 1— > of For z,w E C", {z,w) is the hermitian inner 
product in C^, and z • w is the dot product, i.e. z • w = {z,w). Vectors from C" are 
identified with vertical matrices nxl, and hence z»w = z'^ -w, where for a matrix A the 
symbol denotes the transpose of A and ■ is the standard matrix multiplication. For 
a holomorphic map ip : 3 ^ C", by V'*(A) we denote the radial limit lim^_i.i- p{rX) of p 



2 



at a point A G T, whenever it exists. Finally, C(T) is the space of all complex continuous 
functions on T, equipped with the supremum norm, and H^, p G [l,C)o], is the Hardy 
space on the unit disc. 

Let D C be a domain and let : D — )■ D be holomorphic. The map ip is called 
a complex geodesic in D if cp is an isometry with respect to the Poincare distance in D 
and the Caratheodory (pseudo) distance in D. A holomorphic function f : D ^ 3 such 
that f o ip = idj], is called a left inverse of if. The map is a complex geodesic in D iff it 
admits a left inverse on D. By the Lempert theorem, if D is a taut convex domain, then 
for any pair of points in D there exists a complex geodesic passing through them (see [7j 
or O Chapter 8] for details). 

Definition 2.1. We say that a domain D C C" is a convex tube if D = Q + iW^ for some 
convex domain Q C M". We call Q the base of D and we denote it by KeD. 

As a quite easy consequence of Theorem 1.1, Propositions 1.2 and 3.5] we obtain 
the following decomposition: 

Observation 2.2. Let D (Z C"" be a convex tube domain. Then there exist a number 
k G {0, . . .n}, a convex tube G C and a complex affine isomorphism $ of C" such 
that $(]R") = M" and $(-D) = G x C""'^. Moreover, a holomorphic mapping : D — )• D 
is a complex geodesic for D iff . . . , o (f is a complex geodesic for G. 

The number n — k is equal to the maximal dimension of a real affine subspace contained 
in KeD. In view of the above observation, it is enough to restrict our considerations to 
taut convex tubes. If D is a taut convex tube, then k = n and $(-D) C H". Moreover, if 
(f : 3 ^ D is a holomorphic map, then the non-tangential limit v^*(A) exists end belongs 
to D for almost every A G T. As we shall see later, ip admits also a boundary measure. 

Let us recall some facts connected with complex measures on the unit circle. Below, 
we consider only Borel measures on T so we shall usually omit the word 'Borel'. It is 
known that any finite positive measure on T is regular in the sense that the measure of 
any Borel subset A G T may be approximated by the measures of both compact subsets 
and open supersets of A. Hence, any complex measure on T is regular, i.e. its variation 
is a regular measure. In view of the Riesz representation theorem, complex measures on 
T may be identified with continuous linear functionals on C{T). 

We shall use the symbols (■,■■) and • also for measures and functions, e.g. if /i is 
a tuple (/ii, . . . , fin) of complex measures and v = {vi, . . . , Vn) is a vector or a bounded 
Borel-measurable mapping on T, then {dfi,v) is the measure X]j=i '^j'^/^j) v • dfi is 
the measure 'YTj=i'^3'^i^ii '^^^ ^^^^ thai a real measure v is positive (resp. negative, 
null) is shortly denoted by z/ > (resp. z/ < 0, z/ = 0). 

Introduce the family 



(by a real measure we mean a complex measure with values in M). It is known (see 
e.g. |£j p. 10]) that the measures Re/^(r-)(i£^ tend weakly-* to /i when r — )■ 1~ (as 



■M. := {/^ + : /i is a real measure on T, a G M}, 
where : D — )• C is the holomorphic function given by 
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continuous linear functionals on C(T), i.e. f^u{X)Re ff^{rX)dC'^{\) — )• f^u{\)dfi{\) for 
any u G C(T)) and fi is uniquely determined by Thus, any f E Ai has a unique 
decomposition f = + ia; then we call /i the boundary measure of /. One can check, 
that Re / > on D iff its boundary measure is positive. 

If a holomorphic function / : D — > C is of class H^, then it belongs to M, its boundary 
measure is just Re f*dC'^ and the functions /(r-) tend to /* in the norm with respect 
to the measure £^ (see e.g. [6, p. 35]). 

By A^" we denote the set of all (p = (cpi, . . . , ifn) G C(D, C") with yji, . . . , G M. 
In this situation, by the boundary measure of ip we mean the n-tuple /i = (/ii, . . . of 
measures with each fij being the boundary measure of ipj. If is a real m x n matrix 
and b G M™, then the map X h-^ V ■ f{X) + b belongs to A4"^ and its boundary measure 
is just V ■ fi + bdC^ . 

The Herglotz Representation Theorem (see e.g. [6l p. 5]) states that any / G (!?(D, C) 
with non-negative real part belongs to A^, and hence (!?(D, H" ) C M.^. As a consequence 



of this fact and Observation we deduce that for any taut convex tube domain D C C" 
the family (9(D, D) is contained in M.^, so any holomorphic map (y? : D — t- D admits a 
boundary measure. 

Let us emphasize that the Poisson formula 

(1) ^{X) = i- ^ ^^/^(O + *lm^(0) A G D 

(the integral with respect to the tuple /i = (/ii, . . . ,//„) is just the tuple of integrals with 
respect to /ii, . . . ,/i„) may be stated in terms of the boundary measure /i of y), while it 
cannot be stated using only its radial limits (e.g. for v^(A) = we have Rev?*(A) = 
for a.e. A G T, while /i = 27r5i). This is an advantage of boundary measures over radial 
limits and the reason for which Theorem |1.1| is formulated in the language of the measure 
theory. 



3 Characterisations of complex geodesies 



In this section we show two characterisations of complex geodesies in taut convex tubes. 



The first one obtained in Theorem |3.3| is expressed in terms of radial limits of a map and 
it is similar to the characterisation in the case of bounded convex domains presented in 
|j8j and [5, Subsection 8.2], while the second one, expressed in the language of measures, 
is formulated in Theorem Although calculating geodesies we mainly use Theorem 



1.1, the conditions appearing in Theorem 3.3 are useful in deriving some additional in 



formation, as they are 'connected' with those in Theorem LI via Lemma 3^ 
Let us begin with a sufficient condition: 

Proposition 3.1. Let D G C"' be a taut convex tube domain, and let (f : 3 ^ D 

be a holomorphic map. Suppose that there exists a mapping /i : C — i- C" o/ the form 
h(\) = + b\ + a with some a G C", b G M", such that: 

(i) Re \\h{\) •{z- ^*(A))] < for all z e D and a.e. A G 1p, 



•^^'That is, the statement holds for (z, A) G I? x A, where A C T is a Borel subset of the full £J measure. 
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(ii) Re h{\) 



X 



< for every A G 



Then if is a complex geodesic for D. 

By 121 Lemma 8.2.2], in the case of a bounded domain D, if there exists some /i : D — 5- 
C" of class satisfying (i) (with h*{X) instead of h{X)), then (p admits a left inverse on 
D. In our situation, i.e. when D is a taut convex tube domain, one can show (putting 
z + isx instead of z in (i) , with s G M and fixed x G MJ^, z E D) that such a function h 
satisfies \h{\) G for a.e. A G T, and hence it must be of the form h{X) = + 6A + a 
(see e.g. [4, Lemma 2]). However, this assumption is no longer sufficient for to admit 
a left inverse (and hence to be a complex geodesic for D). For example, take D = EI_ 



A2-r 



One can easily check that (p satisfies (i) with h{X) = A, but clearly it 



and ip{X) 

is not a complex geodesic for D and it does not fulfill (iiJJ 



Actually, the proof of Proposition 3.1 is very similar to the proof of [HI Lemma 8.2.2]. 
The only trouble appears when we need to use a version of maximum principle for har- 
monic functions: knowing that u is harmonic on D and m* < a.e. on T, generally we 
cannot conclude that u < in D (in particular, (ii) does not follow from [(i)] applied for 
z = V5(0)); something more of u need to be assumed, e.g. that u is bounded from above. 
This is the reason for which the condition 



we 



appears. For the reader's convenience 
show the proof of Proposition 3.1 in section |5] Actually, based on the proof of [HI Lemma 



8.2.2] we state a lemma which is somewhat more general than Proposition 3.1 (it works 
for every domain in C") and which gives that proposition as an immediate corollary. The 
lemma is formulated in a bit different form than the proposition, for reasons explained 
in Section m 

Let us remark that if Re D is bounded, then the condition 
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in Proposition 3.1 



can 



be omitted. This follows from the fact that Re Lp is bounded and hen ce the maps 99 and 
A I— 7- h(X) • "^^^^'^"^^^^ are of class (with h as in Proposition 3.1), so the maximum 
principle can be applied to deduce (ii) from ( 



Let us now state necessary conditions for a map is a complex geodesic: 



Proposition 3.2. Let D G C"" be a taut convex tube domain, let ip 
geodesic and let f : D ^ 3 be a left inverse for (p. Define 



D be a complex 



h{X) 



dzi 



(^(A)), 



dZr,. 



(^(A)) , A G 



Then: 



(i) h{X) = aX^ + hX + a for some aeC'',be M", and h^O, 

(ii) Re [Xh{X) • {z — ip* (A))] < for allzeD and a.e. A G T, 



(ill) Re \h{X) • MfaW 



< for every X G 



Propositions 3.1 and 3.2 let us state the following characterisation of geodesies: 



Theorem 3.3. Let D G C"' be a taut convex tube domain and let ip : 3 ^ D be 
a holomorphic map. Then ip is a complex geodesic for D iff there exists a mapping 
/i : C — )• C" of the form aX^ + hX + a with some a G C", h G M", such that: 
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(i) Re [Xh{X) • {z — (f* (A))] < for all z eD and a.e. A G T, 
Re \h{X) • MfaWj < for every A G D,. 
Proof of Proposition 3^. Since f{(f{X)) = X, we have 
(2) h{X)»ip'{X) = 1, A G D. 

In particular, h ^ 0. 
Denote 

/,,i(A) := /((I - t)^(A) + tz), XeB,te[0,l],zeD. 
There is /z,o(A) = A. We have 



rf|/.,t(A)P 



2 Re [Xh{X) • {z - ifiX))] . 



t=o 



On the other hand, as fz,t £ 0(D,D), by [H Lemma 1.2.4] we have the inequahty 



\f.m-\x\<^fjf^{i-\x\). 



Therefore, 



\um'-\M 



so 



d\f.,m 



dt 



< 2 



<4(1-|A|) 



i=0 



t 




df.M 




dt 


t=o 



"-i + l/..(o)|^'-'"^' 

<4(1-|A|)|M0).(;.-¥.(0))|. 



In summary, we obtain 

(3) Re \Xh{X) • {z - i^{X))\ < 2(1 - |A|) |/i(0) • - <^(0))|, AgD,2GL'. 



Putting z = (p{0) we obtain the weak inequahty in (iii). The strong one follows from 
the maximum principle for the harmonic function 



3 A H-> Re 



hiX) 



X 



- it is non-constant, because its value at A = equals to —Re [h{0) • ^^'(O)] = —1, by ([2]). 
Putting z = (f{0) + isCj in ([s]), where j G {1, ...,«} and s G M, we get 

Re [A/i(A) • ((/?(0) - ^(A))] < Im (A/ij(A))s + 2(1 - |A|) |/ij(0)||s|. 

Hence, for fixed A G D the function of variable s on the right side is bounded from below. 
This implies 

(4) \lm{Xhj{X))\ < 2(1 - |A|) \hj{0)l A G D. 

Writing hj{X) = hj{0) + Xgj{X) we obtain 

\X\'\lmg,{X)\ - \lmCXh,m\ < 2 (1 - |A|)|/i,(0)|. 



By the maximum principle, Ithqj is bounded, so gj and hj are of class H^. Tending with 
A non-tangentially to T in (0) we obtain lm{Xh*{\)) = a.e. on T. This implies 



Im (^*(A) - hj{0)X) = Im (A/i*(A)) = for a.e. A G T, 



so gj{X) — hj{0)X is equal to some real constant bj, as gj is of class H^. We get (i) (and 
we can extend h to the whole C). 

Tending with A non-tangentially to T in ([s]) we obtain the weak inequality in ~{ 
strong inequality follows from the fact that for a.e. A G T the mapping 



The 



D3 z^Re [Xh{X) • - <^*(A))] G 



is affine (over M), non-constant, and hence open. 



□ 



Note that we can obtain the statement 
general fact - see [3l Theorem 3]. 
The fact that the condition 



in Proposition 3.2 immediately, using more 



from Theorem 3.3 is not a 'boundary' condition 



makes it not very useful when we want to compute complex geodesies for a given tube 
domain. On the other hand, the condition with radial limits seems to be too weak in 
the case of unbounded base of D, because radial limits of a map generally do not give 
us much information about it. Fortunately, making use of bounadry measures we can 
replace these two conditions by another one, expressed in the language of the measure 



theory and referring only to boundary properties of a mapping (Theorem 1.1). These 
new condition turns out to be useful for calculating complex geodesies for some convex 
tubes with unbounded base. 

Let us note that in the case when Re D is bounded, the boundary measure of a map if 
is just Ke(p*dC'^ and we have the Poisson formula for cp with its radial limits. Therefore, 
for such D the conditions with radial limits seems to be sufficient for our purposes (see 



e.g. Example 4.6) 



Theorem 1.1 is a consequence of Theorem 3.3 and the following lemma: 



Lemma 3.4. Let D G C"" be a taut convex tube, let : 3 ^ D be a holomorphic map 
with the boundary measure /i, and let h{X) = aX^ + 6A + a, A G D, for some a G C", 
b G M", with h^O. Then 



m 



the measure Xh(X) • (RezdC'^{X) — dn{X)) is negative for every z E D 



iff the following two conditions holds: 

(i) Re [A/i(A) • [z — ip* (A))] < for allz eD and a.e. A G T, 

(ii) Re \h{X) • ^^(faWl < for every A G D,. 



All measures in (m) are regular and real. Let us also note that in view of this lemma. 



the function h in Theorem II. II is the same h as in Theorem 13.31 - we shall use this fact in 
Section HI 
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Proof of Lemma 3.4\ We start with showing that the condition 
the following: 



A 



is equivalent to 



(5) Re^^(A) < for all A G D,2 G 
where tpz '-^ ^ 'C is the holomorphic function defined as 

(6) ^.(A) = ^^'^ - ^('^ . MA) + . iz - ^(0)) + XmW 



A ' ' A 

for z G -D, A G (and extended holomorphically through 0). Indeed, one can check that 

(7) ReiPliX) = Re [Xh{X) • {z - ¥^*(A))] for all ^ G and a.e. A G T. 

Now, 



A 



implies that Keipz is bounded from above and Keipl < a.e. on T, so 
the maximum principle easily gives On the other hand, ^ let us derive the weak 
inequalities in (i) and (ii) The strong inequality in (i) follows from the fact that the 

(/?*(A))] is open for a.e. A G T (as h ^ 0), and the strong 

with z = ^p{0) 



map z He Xh(X) 
inequality in 



is a consequence of the maximum principle, because by 



the function A t— ?■ Re 



h{X) 



■p(0)"y(A) 
A 



is not identically equal to 0. 



Let Uz denote the measure in the condition (m). To finish the proof, it suffices to 
show that the conditions ^ and (m) are equivalent, and for this it is enough to prove 
that ipz & -M and i>z is the boundary measure of ipz- 

We claim that the Poisson formula holds for Keipz and Uz, i.e. 

l-|Ap 



Re^ziX) 



1 

2^ 



;duz{0, XeB,zeD 



(this shall finish the proof, in view of the definition of A^). Fix z E D. Write 

Uz = Xh{X) • (Re z dC'^iX) - dfi{X)) = Xh{X) • (Re ip{0)dC^{X) - dfi{X)) 

+ Re [A {h{X) - h{0)) •{z- (^(0))] dC^{X) 
+ Re [Xh{0) • (z - v?(0))] dC'^iX) 

for A G T). The function Keipz is clearly equal to the sum of 



(remember, that Xh{X) G 
the following three terms: 

"^(O)-(p(A) 



Re 



A 



h{X) 



Re 



h{X) - h{0) 
A 



Re 



Xh{0) • {z-ip{0)) 



We have 

Xh{X) • (Re</?(0)rf£^(A) - d/x(A)) = lim_ Re 



X 



h{X) 



dC'iX) 



(weak-* limit), so the Poisson formula with the measure on the left hand side gives the 
first term. Next, 



Re [A {h{X) - h{0)) • (z - <^(0))] dC^{X) = Re 



h{X)-h{0) 
A 



(z-^(O)) 



dC^{X), 



so here the Poisson formula gives the second term. Finally, the formula for the measure 
Re [A/i(0) • {z — (/'(O))] dC'^{X) clearly gives the third term. In summary, we get ([s]), 
what finishes the proof of the Lemma. □ 
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4 Calculating complex geodesies 



In this section we focus on calculating complex geodesies in convex tubes in covering 
finite intersections of Reinhardt domains of the form 



with some g > 0, a G (0,1) (Example 4.5). For this, we state two lemmas which 



partially describe boundary measures of geodesies in some special situations (Lemmas 4.3 



and 4.4) and which are afterwards applied to calculate all complex geodesies in Example 

m 

Before we start analysing the examples, let us make a few useful remarks; below we 
assume that D C C" is a taut convex tube domain. 

If : D — 7- D is a complex geodesic and A G T is such that Xh{X) ^ and the 
inequality Re [A/i(A) • (z — (y?* (A))] < holds for all z G then ^\X) G dD and the 
vector \h{X) is outward from D at </5*(A) (and hence it is outward from Re D at Re V5*(A), 
as Xh{X) G M"). This observation is helpful in deriving some information about h and 
(f, or even in deriving a formula for ip in the case of bounded base of D - similarly as in 



Example 4.6, however, it is not sufficient if the base of D is unbounded. 



If (y9 is a complex geodesic for D, then - by Lemma 3.4 - the function h from Theorem 



|Ll| satisfies the conclusion of Theorem 3.3, and vice versa (what is more, h may be chosen 



as in Proposition 3.2). In particular, given a map h as in Theorem |L1| we can apply for 
it the conclusions made in previous paragraph. 

Let us make the following simple observation: given a finite positive measure u on T, 
a non-negative continuous function m on T with u~^{{0}) = {Ai, . . . , Am}, if udu is a null 
measure, then u = Yl^=i '^j^Xj ^r some constants ai, . . . , > 0. 

Recall that by [3 Lemma 8.4.6], if /i G C(D, C) is of class H'^ and such that \h*{\) > 
for a.e. A G T, then h is of the form c{X — d){l — dX) with some c/ G D, c > 0. In particular, 
such a function h has at most one zero on T (counting without multiplicities). By the 
observation above, if i/ is a finite negative measure on T such that the measure Xh{X)di'{X) 
is null, then u = aSx^ for some a < 0, Aq G T, with ah{Xo) = (we take Aq = o? if d G T, 
otherwise u is null and we put a = with an arbitrary Aq). We shall quite often use this 
fact. 

Let as also note that if for some p,v E M" the inequality (Re z — p,v) < holds 
for all z G -D and ^9 : D — > D is a holomorphic map with the boundary measure /i, 
then a similar inequality holds for measures: {d^i-pdC^,v) < 0. This is an immediate 
consequence of the fact that this measure is equal to the weak-* limit of the negative 
measures {Ke(f{r-) — p,v) dC'^ , when r — )■ 1~. In particular, if ReD C (—00,0)"", then 
Hi, . . . < 0. 

We start with two simple examples: D = H" and D = (the second one is further 



needed). Afterwards, we show two lemmas and we move to Example 4.5 



Example 4.1. A map ip G Ai"" with the boundary measure /x = (/xi, . . . , /x„) is a complex 
geodesic for the domain iff 

for some jo ^ {1, • • • , n}, a < 0, Aq G T. 
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Indeed, assume that (f is a geodesic for and let h = {hi, . . . , hn) be as in Theorem 



i.e. h ^ and 

Xh{X) • (RezdC^iX) -dfi{X)) < 0, zeET. 

Tending with z to we obtain \h{X) • dfi{X) > 0. On the other hand, Xhj{X) > on T, 
because h in continuous on T and Xh{X) is outward from for a.e. A G T, and fij < 0, 
as Reipj < on D. This imphes Xh{X) • dfi{X) < 0, and finally: 

Xhi{X)diii{X) + ... + Xhn{X)dfin{X) = 0. 

Since all terms of the above sum are negative measures, we have Xhj{X)dnj{X) = for 
every j = 1, . . . ,n. There exists jo such that hj^ ^ 0, and as fij is non-null for every j 
(because Keipj ^ 0), the function hj^ must admit a root Aq on T. Hence, we have 

for some a < 0. In view of g, the map (fj^^ is given by the formula 

for some real constant /3, what is a well-known form of geodesies in Wl. 

Example 4.2. A map ip ^ M with the boundary measure yU is a complex geodesic for 
the strip iff 

(9) = X{AeT: A/i(A)>0} 

for some function h : X ^ aX^ + hX + a with a G C, 6 G M, |6| < 2\a\ (the last condition 
is equivalent to £^({A G T : Xh{X) > 0}) G (0,27r)). 

Indeed, assume that is a complex geodesic for and let h be as in Theorem lA The 
vector Xh{X) is outward from Re = (0,1) at Re(y9*(A) G dKe = {0,1} for a.e. A G T, 
so Re 99* (A) = 1 when Xh{X) > 0, and Rev9*(A) = when Xh{X) < (for a.e. A). Thus 
fi = Re(p*dC'^ = X{X€T:Xh{x)>o} dC^ ■ As (p is non-constant, there is 7^ /i 7^ C'^ , and 
hence £^({A G T : Xh{X) > 0}) G (0,27r). 

It is easy to check (using Theorem |1 . 1 1 with the same /i as in (|9|) that any map E Ai 
with the boundary measure of the form (|9| is a geodesic for . 

Of course, formulas for geodesies in are well-known, and it is good to write explicitely 
the formula for a map ip with the boundary measure of the form ^ (we shall need it in 
Example 4.5). By the Poisson formula we have 

^(A) = ^ [ ^-:^dC\C) + zlm^(O), A G D. 

The mapping 

(10) r(A):=--logf^^ + ^ 



TT "V 1 - A 
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where log denotes the branch of the logarithm with the argument in [0,27r), is a bi- 
holomorphism from D to . It extends continuously to D \ { — 1,1}, and it sends the arc 
{A e T : Im A > 0} to the hue 1 + i M and the arc {A G T : Im A < 0} to the line i R. The 
map 

^(A) :=r(2T,(^A))+amy.(0), 

where 



2\a\ + v/4|a|2-62' 

is a complex geodesic for . There is Im^(O) = Im(/?(0), because c G (—1,1). One can 
check that Im(zTc(|^A)) G A/i(A)(0,oo) for every A G T, and hence ip sends the arc 

{A G T : Xh{X) > 0} to the line 1 + iM and the arc {A G T : Xh{X) < 0} to the line 
iM. This gives Rey9* = Rei^* a.e. on T, so (f = (f, as both of them are of class and 
lm(^(0) = lm(^(0). 

In particular, we have the equality 

(11) M^) ■■=^ [ ^T^-dC\0 = T fe(AA)) , A G D. 



We shall use it in Example |4.5[ Let us recall that the above equality holds for every 
/i : C — 7- C of the form aX^ + 6A + a, a G C, 6 G M, with \b\ < 2\a\, or equivalently: 
£^({A G T : Xh{X) > 0}) G (0,27r). 

Lemma 4.3. Let D G be a taut convex tube and let V be a real m x n matrix with 
linearly independent rows Vi, . . . ,Vm ^ IR", m > 1, such that the domain 



D := {V ■ z : z e D} 



is a taut convex tube in C"*. 



(i) Let Lf : B) ^ D be a complex geodesic for D, and let h be as in Theorem \1.1\ If 
Xh{X) G spanulfi, . . . ,Vm} for every A G T, then the mapping if : X ^-^ V ■ f{X) is 
a complex geodesic for D. 

(a) If for a holomorphic map if : 3 ^ D the mapping (p : X ^ V ■ <f{X) is a complex 
geodesic for D, then (f is a complex geodesic for D. 

The above lemma let us 'decrease' the dimension n, when we are trying to find a 
formula for (p, provided that the functions hi,...,hn are linearly dependent. In such 
situation, if we know formulas for geodesies in D (e.g. for m = 1, because then D is a 
strip or a half-plane in C), then by (i) we obtain some information about yj, and by (ii)| 



we conclude that we cannot get anything more if we have no additional knowledge. We 



use this lemma in Example 4.5 for D with dUe D consisting of segments and half-lines. 

The situation when hi, . . . ,hn are linearly dependent occurs e.g. when for some proper 
affine subspace W of M" there is Re*/?* (A) G int w{W fl dKeD) on the set of positive C'^ 
measure (int vk denotes the interior with respect to W; if the set intiy(W^ H dKeD) is 
non-empty, then W nKeD = 0), because then the vectors Xh{X) are orthogonal to W 
on the set of positive measure and hence on whole T (by the identity principle). 
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Let us note that in the situation as in (ii) the map (p admits in fact a left inverse 



defined on the convex tube domain {2; G C" : V" ■ 2; G -D}, which may be larger than D 
and not taut (its base may contain real lines). 

Proof. We prove the first part. The matrix V"^ may be viewed as a complex linear 
isomorphism from C™ to spancjfi, . . . , fm}. The mapping h : C ^ defined as 
h(X) = {V^y^ ■ h{X) is of the form aA^ + bX + a (with some a G C"", 6 G M"") and it 



satisfies /i(A)^ ■ V = h{X)^ and h ^ 0. We are going to apply Theorem 1.1 for if, D, h. 
By weak-* limit argument, the boundary measure /I of ^ equals V ■ d/j,. For any z E D 
there is 

Xh (A) •{V-Rez dC^{X) - dfl{X)) = Xh{Xy -V-iRez dC^{X) - dfi{X)) 

= Xh{X)»(RezdC^{X)-dfi{X)), 

what is a negative measure. 

To prove the second part it suffices to observe that if / : D — t- D is a left inverse for 
(f, then the map z f(y ■ z), defined on the domain {z E C"' : V ■ z E D} D D, is a left 
inverse for □ 

Lemma 4.4. Let D G be a taut convex tube and let p G dReD. Define 

V ■.= {v eW : (Re z-p,v) <0, z E D}. 

Let if -.1!) ^ D be a complex geodesic for D with the boundary measure fi and let h be as 
in Theorem \l.l\ Put 

A:={XeT: Xh{X) G mtV}. 

Then 

XAdfx = pxa dC^, 

and 

Re(y9*(A) = p for every X E A. 

In the situation as in the above lemma, if int F 7^ 0, then we can say that Re D has a 
'vertex' at the point p. The aim of the lemma is to handle the situation when Re ip* sends 
some A's to that vertex. To detect some (not all) of those A's we analyse behaviour of 
the function h instead of analysing behaviour of Re(p*; all A's detected in this way form 
the set A (this is the reason for which in the definition of A there is int V, not V itself - 
for A such that Xh{X) G \ int K it is possible that Reif*{X) 7^ p). This approach let us 
state not only that Re<f*{X) = p for X E A, but much more: the boundary measure of (f 



is equal to p dC7 on the set A. This lemma plays a key role in Example 4^ 

If the set int V is not empty, then it is an open, convex, infinite cone with the vertex at 
0. In the case n = 2 one can find two vectors Vi, f 2 G M", such that int V consists of those 
V G M", which lies 'between' vi and V2, i.e. int = {v E M" : det[fi, f ], det[f , ^2] > 0}. 

In the definition of A the set int V cannot be replaced by V, because then the equality 
Xa dfi = pxa dC'^ does not longer hold. For example, take D = H^, p = (0, 0), and let if 
be given by the measure — (5i, Si + 5_i), that is ^p{X) = ^ {jzj^ ~^ XTl)' '^^^ ^ 
is clearly a geodesic for D and one can check that if h = (hi, h2) is as in Theorem |1.1| 
then hi{l) = and /12 = (because Xh2{X) > on T and h has roots on T at 1 and — 1). 
As = [0, oo)2 \ {(0, 0)}, we have {A G T : A/i(A) G 1/} = T \ {1}, while the measure /z 
is clearly not equal to (0, 0) on T \ {1}. 
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Proof. We may assume that iniV ^ 0. For linearly independent vectors Vi, . . . ,Vn £ 
int V set 

Qvi,...,vn ■= {aivi + . . . + anVn : ai, . . . , a„ > 0}. 

One can check that the sets Qvi,...,v„ form an open covering of int V, and hence it suffices 
to show the conclusion with the set int V replaced by Qvi,...,v„- 

Fix Vi, . . . ,Vn G int V linearly independent, and let 1^ be a non-singular, real n x n 
matrix with rows Vi, . . . , Vn- Set Q :— Qvi,...,vn: B :— {X eT : Xh{X) e Q}. We are going 
to show that xb d/i — pxb dC7 and Re </?* = p on S. Let 

/X := (/ii, . . . ,]ln) := W ■ (dfi-pdC^). 

As Jlj — {d/i — pdC'^jVj), the measures Jij are negative. The mapping 

h{X) := {h{X), . . . ,hn{X)) := {W-^f ■ h{X), XeC, 

satisfies Xh{X) e (0, oo)"' for X & B, because {W'^)~^ ■ {aiVi + . . . + q;„v„) = (ai, . . . , 
Thus _ 

Xb{X) Xh{X) • d]l{X) < 0. 

By the definition of ]1 and h there is 

Xh{X) • {W ■ (Rez-p) djCJ{X) - dJiiX)) = Xh{X) • {RezdjCJ{X) - dn{X)), z e D, 

so the measure Xb{X) Xh{X) • {W ■ (Re z — p) dC'^{X) — d]l{X)) is negative for every z E D. 
Tending with z to p we obtain 

Xb(A) Xh{X) • d]l{X) > 0. 

In summary, the measure Xb{X) Xh{X) • d]j,{X) is null. As it is the sum of the negative 
measures XBiX)Xhj{X)d]lj{X), all of them are null, and hence all XBdJij are also null. 
Therefore 

Xb dn = ■XBd]l + pxb dC^ = pxb dC^, 

so the first part is proved. 

For the second, by the Poisson formula for ip — p we have 

Re^(A)-p=^ I i^rf(/x-p£^)(C), AeD, 

so Re(/7(rA) — >■ p as r — >■ 1~, for any X e B. □ 

Example 4.5. Consider a convex tube domain D with KeD contained in (— cx3,0)^ and 
dRe D being a sum of a horizontal half-line contained in (— oo, 0] x {0}, a vertical half-hne 
contained in {0} x [— oo, 0), and some finite number of segments. 
More formally: let 

D :^ {z eC"^ : (Re z - pj, vj) < for j = 1, . . . , m}, 

where m > 2, vi, . . . ,Vm & [0, oof, Po, ■ ■ ■ ,Pm e (-oo, 0]^ Vj = {vj^i, Vj^2), Pj = {Pj,i,Pj,2) 
are such that: 
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• = Po,l = Pl,l > P2,l > ■■■> Pm-1,1 > Pm,l, 

• = Pm,2 = Pm-1,2 > Pm-2,2 > • • • > Pl,2 > P0,2, 

• det [vj, f j+i] > for j = 1, . . . , m — 1, 

• {pj+i - Pj, Vj^i) = for j = 0, . . . , m - 1 

(the points Pq and Pm play only a supporting role). The base of D is shown on Figure [T] 
By the assumptions we have: 

• (Re z — Pj, Vj+i) < foT z E D, j = 0, . . . ,m — 1, 

• f 1,1 > 0, fi,2 = 0, Vm,l = 0, Vm,2 > 0, 

• dReD = {0} X (-oo,pi,2] U W^^%,p,+i] U {-oo,Pm-i,i] x {0}. 




Figure 1: The base of D 

Let ip G (9(D, D) be a complex geodesic and let ^ = (/ii,/X2) be its boundary measure. 
Choose h as in Theorem i.e. h{X) = aX^ + bX + a with a = (oi, 02) G C^, b = (61, 62) ^ 
]R2^ h = {hi, h2), h^O, such that 

(12) Xh{X) • (Re z dC^{X) - rf/i(A)) <0, zeD. 

For a.e. A G T the vector Xh{X) is outward from KeD at the boundary point Re(y9*(A), 
so 

Xhi{X) > 0, A G T,/ = 1,2. 

Set 

Aj := {A G T : det [A/i(A),t;j] < < det [A/i(A),t;j+i]}, j = l,...,m- 1, 
5j := {A G T : det [A/i(A),Wj] = 0}, j = l,...,m, 

m 

B := U^r 
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The sets Ai, . . . , Am_i,B are pairwise disjoint and there is 



m— 1 



T, 



because every non-zero vector from [0, oo)^ hes 'between' some Vj 



or is parallel to 



some V 



J- 



If C'^{B) > 0, then for some jo € {1, • • . ,m} there is C'^{Bj^) > and the identity 



principle gives Bj^ = T. Applying part (i) of Lemma 4.3 for the 1x2 matrix with the row 



-'JO 



we get that (v?(-) —Pjo^'^jo) is a geodesic for EI_. In view of part (ii) of that lemma 



the condition obtained is sufficient for (p is a geodesic, so it is nothing more to do in this 
case. 

Consider the situation when £'""(5) = 0; the set B is then finite and ^^,2^1 — ^ 0, 



what in particular gives hi ^ 0, h2 ^ 0. By the equation (12) we get that the measure 
XsW^h^X) • dfj,{X) is positive {xBdC'^ is null). Since Xhi{X) > on T and fii < 0, 
we have XBWXhi{X)dfii{X) < (/ = 1,2). Hence, the measure XB{X)Xh{X) • dfi{X) 
is negative and in summary it is null. As it is equal to sum of the negative measures 
XB{X)Xhi{X)dfii{X) and XB{X)Xh2{X)dfj,2{X), both of them are null. Each hi has at most 
one root on T (counting without multiplicities), so 

Xb dfii = ai6xi 
for some A; G T, a; < 0, with aihi{Xi) = 0. 



Applying Lemma 4.4 for D, pj, (f and h (the set A from the lemma is exactly the set 
Aj) we obtain 

XA.djj, = pjXA.dC^, j = 1, . . . , m - 1. 

Therefore 

(13) fii 



m—l 



Pj,iXA,dC^ + ai5xi, / = 1, 2, 
3=1 



because /i/ = YJLi XA.dfii + XBdfi 



■I'j 



At this point, using (13) and the Poisson formula we can express the map (p as an 



integral (with parameters a, 6, ai, 02, and up to an imaginary constant), but in fact it 
is possible to derive a direct formula for it with usage of the mappings ip^ defined in the 



equation (11) in Example 4.2 For this, let 
(14) 



Cj := {A G T : det [A/i(A), Vj\ < 0}, j = 1, 



, m. 



We have Ci D C2 D . . . D Cm- The set {Cj \ Cj+i) \AjGB is of zero Lebesgue measure 
and Aj C Cj \ Cj+i, so XA^dC'^ = xCjdC'^ — xCj+^dCJ . Moreover, C^{Ci) = 271 and 
C'^{Cm) = 0, because Ci = {A G T : A/i2(A) > 0} and C„ = {A G T : A/ii(A) < 0} = 0. 



Thus, the formula (13) may be written as 

■m— 1 



(15) 



/ii = pijdC + 2_^{Pj,i - Pj-i,i)xc,dC + ai5xi, I = 1,2. 
3=2 
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The measures XCjdC^ induces complex geodesies in , provided that C'^{Cj) G (0,27r) 
because 

Cj = {XeT: Mvj^MX) - Vj^2hi{\)) > 0} 



(see Example 4.2 for details). Therefore, it is good to remove from the sum (15) those j 
which does not satisfy this condition. For this, set 

(16) h := max{j > 1 : C^iCj) = 27r}, ^2 := min{j < m : C^iCj) = 0}. 



There is 1 < /ci < A;2 < m. By (15) we obtain 
(17) 



/i« = Pki,idC^ + ^ {pj,i - Pj^i,i)xCjdC^ + aiSxi, I = 1,2 
j=ki+i 



(note that it is possible that the above sum is empty, i.e. that ki + 1 > k2 — 1) ■ Now, for 
j G + 1, . . . , A;2 — 1} we have £^(Cj) G (0, 2n), and the Poisson formula let us derive 
the following formula for ip: 

Oil \i + \ 

(18) (^;(A) =pfc,,z + ^ {Pj,i - Pj-i,i)^v,,^h2-v,,2hi{>) + wz T- ^ = 1,2, 



i=fcl+l 



27r A; - A 



where /3i, (32 are some real constants and ipy.^h2-vj2hi are as in ( |11[ ), i.e. 



with r(A) = -Mog [i ^) and 



'i \ \vj,ia2-Vj^2a.i\ 



A 



A G 
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-{Vj^lh2 - Vj^2bl) 



2\vj^ia2 - Vj^2ai \ + \/^\vj^xa2 - f j,2aiP - (%i&2 - ^^i,2&i)^ 



(note that for j = fci + 1, . . . , ^2 — 1 there is |t'j,i&2 — '^j,2&i| < 2|fj^ia2 — fj,2Cti|, because 
£''^(Cj) G (0,27r), and hence Cj and ip^. ^h^^^. are well-defined). 

In summary, a holomorphic map </9 : D ^ is a complex geodesic for the domain D 
iff one of the following conditions holds: 

(i) v^(D) C D and for some j G {1 . . . m} the map A t— )■ (v5(A) — PjiVj) is a complex 
geodesic for EI_, or 



(ii) v^(D) C D and the map 9? is of the form (18) with some Ai,A2 G T, 0:1,02 < 0, 
Pii P2 £ I^, and a map = {hi, h2) of the form + feA + a with a = (ai, 02) G C^, 
6 = iPiM) G M^^ such that A/ii(A), A/i2(A) > on T, ai/ii(Ai) = a2h2{\2) = 0, 
f j ih2 — Vj2hi ^ for any j = 1 . . . ,m, where ki, k2 are given by ( 16 ) with Cj given 
by(|T4|). 

So far, we have proved only that if is a complex geodesic for D, then it satisfies 
one of the above conditions. We are going to show the opposite implication now. Take a 
holomorphic map : D — > C^. If (f satisfies (i) , then Lemma 4.3 does the job, so consider 
the situation as in (ii) As (p(D) C D, clearly (f admits a boundary measure /i = (/ii, ^2)- 
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There holds (18), which gives (17) and hence (15). As Vj ih2 — Vj^2hi ^ for any j, the 
set B is of measure 0, so xa^ = Xc — Xc^+i on T (with respect to C"^). Thus, 
(15) imphes (13). From the equahty (13) it follows that 



(19) 



XA.dfii = pj^iXA.dC^ and XBdjJi = ai6xi for j = 1, . . . , m - 1, / = 1, 2. 



Indeed, since T is equal to sum of the pairwise disjoint sets Ai, . . . ,Am-i,B, the first 
statement is obvious, and for the second observe that if ai = 0, then we are done, and if 
ai < 0, then hi{Xi) = 0, so ^ Aj for any j and hence A; G B. 

If we show that for every set E G {Ai, . . . , Am-i, B} and every point z & D the 
measure 

Xh{X) • (Re z xe{X) dC^{X) - xe{X) dj^iX)) 

is negative, then we are done via Theorem |1.1[ 

li E = B, then xe dC'^ is a null measure and as Xhi{X)ai d6\^ (A) = 0, / = 1, 2, by ( 19 ) 
the measure Xh{X) • XeW dfi{X) is also null. 

If E = Aj for some j = 1, . . . , m — 1, then by (19) we need to show that the measure 
Xh{X) • {Kez — pj) xa (X) dC'^{X) is negative for every z E D. But if A G Aj, then the 
vector Xh{X) lies 'between' Vj and fj+i, so Xh{X) = 'jiVj +72fj+i for some 71,72 > and 
hence Xh{X) • (Rez — pj) < 0. 

Therefore, we proved that complex geodesies for D are exactly the mappings of the 
form 



or 



At the end, we present a simple example of convex tube domain with bounded base. 
Here, the condition with radial limits (Theorem 3.3) suffices to obtain a direct formula 
for the real part of a geodesic ip, as its boundary measure is just Iieip*dC'^. 



Example 4.6. Let 



D = {{zi,Z2) G : (Re zif + {Re Z2f < 1}. 



Let Lf : B) D he a complex geodesic and let h he as in Theorem 3.3 For a.e. A G T 
the vector Xh{X) is a normal vector to dReD at the point Re(p*{X) G dReD, so Xh{X) G 
[0, 00) Re(y9*(A). As ||Re(y9*(A)|| = 1 (we mean the euclidean norm), we get 



Reip*{X) 



Xh{X) 
\Xh{X)\ 



for a.e. A G T. 



The map h is of the form aA^ + 26A + a with a G C", 6 G M", (a, b) ^ (0, 0), so 

Re (aA) + h 



(20) 



Re(^*(A) 



|Re(aA) + 



a.e. A G T. 



As the boundary measure of equals Re'^*dC7 , the Poisson formula let us derive an 
integral formula for 99. 

On the other hand, by a similar reasoning one can show that any G (9(D, D) 
satisfying (20) with some a G C", h G M", (a, 6) 7^ (0, 0), is a complex geodesic for D. 
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5 Appendix 



In this section we are going to complete the proof of Proposition 3.1 We start with a 



lemma, which gives Proposition 3A_ as a corollary. Its proof is strongly based on the proof 
of |S1 Lemma 8.2.2]. It is worth to point out that the lemma works for any domain D in 
C", not necessarily tube. 

Lemma 5.1. Let D C C" be a domain and let (f : 3 ^ D be a holomorphic map. 
Suppose that there exists a map h G 0{3, C") such that Re [h{0) • f'{0)] ^ and for 
every z & D the function ip^ G (9(D,C) defined as 

V^.(A) := ^B^l^ . hiX) + . (, _ ^(0)) + AMO).(.-^(0)), A G 

A A 

(and extended holomorphically through the origin) satisfies 

^e^,{X) < 0, A G D. 
Then the map ip admits a left inverse on D. 



The functions ip^ are defined same as in the proof of Lemma 3.4 The assumption that 
KeipzW < for all 2; G -D and A G D is clearly equivalent to the assumption that every 
Keipz is bounded from above and Re?/;* (A) < for all ^ G -D and a.e. A G T. The last 
two conditions correspond to the conditions (ii)| and (i) of Proposition 3.1 The reason 
for which Lemma 5.1| is not formulated in the same way as Proposition 3T is to avoid 
using radial limits of (p, as they do not necessarily exist. 

Proposition 3.1 follows indeed from Lemma |5.1 because if D, ip, h are as in the 
proposition, then we have 

Reipl{\) = Re [\h{\) • (z - ^*(A))] for all z E D and a.e. A G T 

(the radial limits of ip exist, as D is a taut convex tube), so the assumptions of Lemma 
15.11 are fulfilled. 



Proof. For e > define 

$,(z,A) 



[z - ip{\)) • h{\) - e\, 2 G C",A G 



vi/,(z,A) 



A 



We have 



$,(z,A), z G C",A G 



e, A G 



e > 0. 



^,((/.(0),A) = ^^(o)(A) 

The function \I'e((y9(0), ■) extends holomorphically through and Re \I'e(vf (0), ■) < — e on 
D. Moreover, by the assumption Re [h{0) • (^'{0)] 7^ we get Re \I^o(v'(0), ■) < on D. In 
summary, for any e > there is Re ^^£((^9(0), ■) < on D, so the point is the only root 
of $e((y9(0), ■) on D and it is a simple root. 
Assume for a moment that 



(21) 



there exists / G C(L',D) such that $0(2, /(^)) = 0, z e D. 
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We claim that / is a left inverse for if. Since <l>o(v2(0),0) = and ^(v5(0),0) = 
^o(</'(0))0) 7^ 0) by the implicit mapping theorem there is an open neighbourhood 
f/ C -D X D of (v5(0), 0) such that U H $0^(0) is equal to the graph of some holomorphic 
function of the variable z defined near (/^(O) and mapping (y9(0) to 0. We have /((/?(0)) = 0, 
because is the only root of $o('/^(0), ■)) hence {z, f{z)) G U for z near 92(0). Let F 
be the graph of /. Clearly f/ fl F C t/ fl $q ^(0), so shrinking U if necessary we obtain 
f/ n F = f/ n $0^(0)- As $o(<^(A), A) = on D, there is ((^(A), A) G F for A near 0. This 
implies f{(f{X)) = A near and hence on the whole D. 



It remains to prove (21), and for this it suffices to show that 



(22) for any e > there exists G 0{D, D) such that $,(2, f^{z)) = 0, z E D. 

Indeed, using the Montel theorem choose a sequence {fe^)k (e^ — as /c — > 00) convergent 
to a holomorphic function / : D — t- C. As is the only root of ^^{if{0),-), we get 



f^{(p{0)) = and hence f{D) C D, what let us easily derive (21). 



The statement (22) follows from the following claim: 



(23) 



for every e > and K GG D there exists r G (0, 1) such that 
Re ^,(z. A) < for 2 G ir, |A| G [r, 1). 



Indeed, assume (23) and fix e > 0. Let z G D and let r = r(e, z) be taken as above 



for K = {z}. The function $^(-2, ■) has no roots in D \ rD, because Re\I^e(z, A) < for 
|A| G [r, 1). Moreover, 



(24) 



1 

27n 



dX 



[z,\) 



$.(^,A) 



dX = 1 



1 
27n 



9*, 
dX 



;^,A) 



^.(^,A) 



dX 



(the last integral is just the index at of the curve s ^-^ '^d^, re*'^), equal to by (23)), so 



$e(2, ■) has only one root in D (counting with multiplicities). Denote this root by fe{z). 
We have the function : D — )■ D such that ^e{z, ft{z)) = 0, so we only need to show 
that it is holomorphic. 



Fix K GG D and let r = r(e, K) be as in (23). Again, $^(2;, ■) has no roots in D \ rD 
for z G so fe{K) G rD. As fe{z) is the only root of ^^{z^ ■) and it belongs to rD, we 
have the formula 



(25) 



dX, z G K, 



27ri J^j" $,(2;, A) 

what implies that is holomorphic in int K. As K is arbitrary, we obtain G 0{D, 



It remains to show (|23|). Fix e > and K GG D. For z G K and A G D^, we have 

1 



Re^,(z,A) = Re^^(A) + Re 



A 



/i(0) •{z- (^(0)) - A /i(0) •{z- ^(0)) 



e. 



The second term of the right hand side tends uniformly (w.r.t z G K) to as |A| 



and the first term is non-positive. This gives (23) and finishes the proof. 



1, 

□ 
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